A transformation method to convert rectangular symmetric two dimensional (2D) lowpass FIR digital filters to circular symmetric filters is presented. Based on this method, new designs of circular symmetric low/high pass filters are obtained. These designs have explicit formulae for impulse response coefficients and are much simpler than the existing designs.
Introduction: Impulse responses of maximally flat (MAXFLAT) finite impulse response (FIR) digital filters (DFs) are generally calculated by taking the inverse discrete Fourier transformation (IDFT) of frequency responses [1 -5] . This method becomes computationally burdensome for higher orders, especially for two-dimensional (2D) DFs [6 -10] .
Recently a new design of the one dimensional (1D) MAXFLAT low/ high pass DF has been presented, which eliminates the need of IDFT and gives explicit formulae for impulse response coefficients [11] . These formulae allow any discrete value of cutoff frequencies and therefore implement the desired specifications more accurately than classical designs, which generally allow only a discrete set of cutoff frequencies. Additionally these formulae can be easily extended to second and higher dimensions.
The designs obtained by extension of 1D formulae to 2D by simple cascading have rectangular symmetry in the frequency domain. In this Letter we develop a simple transformation procedure to obtain impulse response coefficients of low/high pass DFs with circular symmetry from those with rectangular symmetry, by comparing the respective ideal impulse responses. This procedure is then used to obtain explicit formulae for impulse response coefficients of circular symmetric low/high pass MAXFLAT DFs.
Relationship between square symmetric and circular symmetric 2D lowpass DFs:
The ideal frequency response of a 2D square symmetric DF, having 0 < ω c < 1 as the normalised cutoff frequency in each dimension, can be written as Similarly, an ideal circular symmetric 2D frequency response for the same cutoff frequency ω c can be written as These frequency responses can be transformed to the corresponding impulse responses by taking inverse Fourier transforms. For a square symmetric DF, we obtain
The impulse response of a circular symmetric ideal lowpass DF can be obtained from eqn. 2, and can be written as [12] where is a first order Bessel function.
Comparing eqns. 3 and 4, a relationship between the coefficients of circular and square symmetric lowpass DFs can be obtained [11] where p is the remainder of n /2, and double factorial of an integer k is defined as
MAXFLAT lowpass 2D
A 2D DF can be obtained by cascading two 1D DFs, and the resultant 2D impulse response can be written as Eqns. 6 and 7 can be used to obtain the impulse response of order (2 N + 1) × (2 N + 1), N = odd, for a 2D MAXFLAT square symmetric lowpass DF as where p and q are remainders of m /2 and n /2 respectively, and ω c is the value of the cutoff frequencies in both dimensions. The magnitude response of a 2D lowpass DF designed by using eqn. 8 for ω c = 0.45 and N = 15 is shown in Fig. 1 .
MAXFLAT lowpass 2D DFs with circular symmetry:
The relationship given by eqn. 5 can be used to transform the impulse response of the 
The magnitude response of the 2D lowpass DF designed by using eqn. 9 for ω c = 0.45 and N = 15 is shown in Fig. 2 .
The coefficients given by eqn. 9 show quadrantal symmetry, i.e. -j , and g i , j = g j , i . Therefore, the total number of coefficients with distinct magnitudes in the (2 N + 1) × (2 N + 1) matrix of coefficients is only ( N + 1)( N + 2)/2.
A highpass frequency response can be obtained by subtracting a lowpass frequency response from an allpass frequency response. A 2D impulse response corresponding to an allpass frequency response is given by a 2D unit impulse, having a one at the origin and zeros at all other locations. Therefore a 2D (2 N + 1) × (2 N + 1), N = odd, impulse response of a circular symmetric MAXFLAT highpass DF can be written as where m , n and h m , n are defined by eqn. 9.
Conclusions: New designs of maximally flat 2D low/high pass digital filters with circular symmetric frequency responses have been presented. The designs use explicit formulae for calculating the impulse response coefficients and are much simpler than conventional designs, which calculate the frequency responses and then use inverse Fourier transformations for this purpose. Unlike most conventional designs, which allow a limited set of cutoff frequencies for a fixed order, any finite values can be selected as cutoff frequencies in the presented designs, and therefore design specifications can be met very closely.
